We prove that a one-to-one image X = im(f ) of the real (half-)line is a composant of an indecomposable continuum if and only if f maps tails densely and every convergent sequence in X leads arcs to limit points in the hyperspace K(X) ∪ {X}. Accompanying the proof are illustrations and examples.
Introduction
In what follows, the half-line is denoted [0, ∞), and the entire real line is denoted (−∞, ∞). All images of the (half-)line are assumed to be metrizable. Every mapping is assumed to be continuous; by image we shall always mean continuous image.
Being a one-to-one image of [0, ∞) is the same as being the union of a strictly increasing sequence of arcs which share a common endpoint. Among locally connected, locally compact spaces, there are only 3 such images, and there are only 5 such images of (−∞, ∞) -Lelek & McAuley [9] and Nadler [13] . Much is also known about other types of images: compact [12, 4] , confluent [14] , aposyndetic [7] , uniquely arcwise-connected [11] , hereditarily unicoherent [3] . This paper examines the class of one-to-one composant images, which includes orbits in flows of aperiodic, Poisson-stable dynamical systems.
The image of a map from ∈ {[0, ∞), (−∞, ∞)} may be a maximal arcwiseconnected subset of an indecomposable continuum. The composants of the buckethandle and solenoid are of this form. In general, every image of is arcwise-connected. So if f : → X and X := im(f ) is a subset of the continuum Y , then X is contained in a composant of Y . However, X may not be equal to a composant of any continuum; for instance, if there exists a connected proper subset of X which is closed but not compact. To that extreme, F. Burton Jones [6] constructed a one-to-one image of [0, ∞) that is both locally connected and dense in Euclidean 3-space. His method generates a one-to-one image (−∞, ∞) with identical properties.
The distinction between composants and non-composants can be fairly subtle. Figures 3 though 5 at the end of this paper show six non-homeomorphic examples in the plane. All are one-to-one images of [0, ∞), except for X 3 and X 5 , which are oneto-one images of (−∞, ∞). X 0 , X 3 , X 4 , and X 5 are composants, while X 1 and X 2 are not. It is the goal of this paper to characterize those one-to-one images of [0, ∞) and (−∞, ∞) which admit composant embeddings. We establish the following.
Precise definitions are given below, but f is recurrent essentially means that im(f ) is of the first category of Baire -Proposition 2. And, roughly speaking, f is hypercomplete if every partially convergent sequence of arcs in X := im(f ) has a convergent subsequence in the hyperspace K(X) ∪ {X} -Proposition 4.
Definitions
A space X is indecomposable if every connected subset of X is either dense or nowhere dense in X. For connected X, this is equivalent to saying X is not the union of two proper closed connected subsets. Compactum = compact space. Continuum = connected compactum. The plural forms are compacta and continua. X is a composant of the continuum Y if X is equal to the union of all proper subcontinua of Y which contain a given point.
Whenever Y is a space of which X is a subspace, and A ⊆ X, then we shall write A for the closure in X and A for the closure in Y .
• negatively-recurrent if f (−∞, −n] = im(f ) for each n < ω;
• recurrent if f is positively or negatively recurrent; and
• bi-recurrent if f is both positively and negatively recurrent.
In either case, f is hyper-complete if for every three sequences a, b, c ∈ ω satisfying a n ≤ c n ≤ b n , if f (c) converges in X := im(f ), then n<ω f [a n , b n ] is compact or equal to X. We frequently identify a mapping f with its image X, and say X is (bi-)recurrent/hyper-complete.
K(X) is the set of non-empty compact subsets of X, endowed with the Hausdorff metric topology, or equivalently, the Vietoris topology. The two topologies also coincide on the one-point extension K(X) ∪ {X}. In general, if Y is compact/metrizable then so is K(Y ). So if Y is a compact metric space, then every sequence in K(Y ) has a convergent subsequence.
βX is the Stone-Čech compactification of X. It has the special closure property A ∩ B = A ∩ B for any X-closed sets A and B. If Y is any other compactification of X, then βι : βX → Y will denote the Stone-Čech extension of the inclusion ι : X → Y .
Examples
Refer to Figures 3 though 5, located at the end of this paper.
• X 0 is the well-known visible composant of the bucket-handle continuum.
It is a one-to-one recurrent image of [0, ∞).
• X 1 and X 2 are a one-to-one recurrent images of [0, ∞) which fail to be composants. X 1 is not hyper-complete; consider a sequence vertical arcs whose endpoints limit to both 0, 0 and 0, 1 . Besides failing hypercompleteness (consider the horizontal arcs which limit to both 1 3 , 1 3 and 2 3 , 1 3 ), X 2 has a disconnected proper quasi-component. The two intervals 1 2 ] ). This contrasts with X 1 , whose only proper quasi-components are arcs. In any compactification of X 2 , P and Q must be joined by a proper subcontinuum that goes outside of X 2 , so X 2 is not a composant.
• X 3 is a composant image of (−∞, ∞) which is recurrent, but not birecurrent. The non-visible composants of the bucket-handle, as well as the composants of the solenoid, are bi-recurrent.
• X 4 and X 5 are one-to-one recurrent and bi-recurrent images of [0, ∞) and (−∞, ∞), respectively. Each is a composant; see the discussion at the end of Section 4 for more details and the significance of the red points.
Propositions
Each composant of a decomposable continuum has non-void locally compact interior. On the other hand, X is recurrent means X is of the first category of Baire. (iv)⇒(iii): By X = Y . (iii)⇒(i): The Hahn-Mazurkiewicz Theorem implies f [0, n] = X for each n < ω because X is not locally connected. Thus every f [0, n] is a proper subcontinuum of X, so X = n<ω f [0, n] is a countable union of closed nowhere dense sets.
The reader can verify that Proposition 2 is true with (−∞, ∞) in the place of [0, ∞).
In particular, K is a point or an arc.
The statement of Proposition 3 is true by nearly identical arguments if dom(f ) = (−∞, ∞) and f is bi-recurrent. 
Proof. Let Y be any metric compactum in which X is densely embedded.
Suppose f is hyper-complete. Let (x n ) be a convergent sequence in X, and let (A n ) be a sequence of arcs with x n ∈ A n . Assume X is non-compact. For each n < ω there are two numbers a n < b n such that f [a n , b n ] = A n (Proposition 3).
Suppose the other. Let a, b, c ∈ [0, ∞) ω such that a n ≤ c n ≤ b n for each n < ω and (x n ) := (f (c n )) = f (c) converges. Put A n = f [a n , b n ]. Assume {A n : n < ω} = X, so that no subsequence of (A n ) converges to X. Let y ∈ {A n : n < ω}; we show y ∈ X. There is a sequence (y k ) of points in {A n : n < ω} that converges to y. For each k < ω, let n k be such that y k ∈ A n k . By compactness of each A n , we may assume that {n k : k < ω} is infinite and, moreover, in strictly increasing order; n 0 < n 1 < ... . Since (x n k ) converges in X, by hypothesis a subsequence of (A n k ) converges to a point K ∈ K(X). Then y ∈ K ⊆ X. y was arbitrary, so {A n : n < ω} = {A n : n < ω} is compact. Now consider Proposition 4 with (−∞, ∞) in the place of [0, ∞). The second implication (in order of proof) holds by identical arguments. Let us examine the first implication. If for every n < ω, (−∞, ∞) \ f −1 [A n ] is unbounded in the positive and negative directions, then the proof follows as before (the pre-image of each arc is a closed and bounded interval). If, on the other hand, an initial or final segment of (−∞, ∞) maps into an arc A m , then, assuming X is non-compact, every other A n (n = m) has a pre-image [a n , b n ]. We can assume (x n ) eventually misses A m , and continue the proof in the same manner.
Lemma
To prove the Main Theorem, we will need a Lemma related to Sierpiński's Theorem.
Theorem (Sierpiński). If the continuum X has a countable cover {X i : i < ω} by pairwise disjoint closed subsets, then at most one of the sets X i is non-empty.
The previously examined space
shows that a countable disjoint sum of arcs may have a quasi-component which is not an arc. Further, the entire sum may be connected as in Figure 1 . Thus the statement of Sierpiński's Theorem is false with connected space in the place of continuum. Note that each of the two examples contains non-convergent sequences of arcs which carry convergent point sequences; by the Lemma this is not a coincidence.
Figure 1: Connected sum of arcs
Lemma. Let X = {A n : n < ω} be the union of a countable sequence of disjoint arcs. If for every convergent sequence (x k ) and subsequence (A n k ) with x k ∈ A n k the closure {A n k : k < ω} is compact, then the decomposition into arcs X := {A n : n < ω} is zero-dimensional.
Proof. It suffices to show X is regular; every countable regular space has dimension zero by a simple application of Urysohn's Lemma, which is allowed because every regular Lindelöf space is normal. To that end, let m < ω and let C be a closed subset of X that misses A m and is a union of arcs; C = {A n : n ∈ I} for some non-empty I ⊆ ω \ {m}. Assume that m = 0. We find disjoint X-open sets U 0 and U 1 , each of which is a union of some arcs A n (n < ω) and such that A 0 ⊆ U 0 and C ⊆ U 1 .
First, let us recursively define two sequences of open sets, (U 0 ) and (U 1 ), using the metric of a compactum (Y, d) in which X is densely embedded. For A ⊆ Y and y ∈ Y , define d(y, A) = inf{d(y, y ) : y ∈ A}. Continuity of d( · , A), when A is any subset of Y , implies that for each > 0, the -ball around A,
is an open subset of Y , and that the -disc around A,
Step 0: There exists 0 > 0 such that d(A n , A 0 ) + d(A n , C) ≥ 4 0 for each n < ω. Otherwise, there is a sequence of arcs (A n k ) such that d(A n k , A 0 ) + d(A n k , C) → 0 as k → ∞. There exists x ∈ A 0 and a sequence of points x j ∈ {A n k : k < ω} such that x j → x as j → ∞. Eventually n k = 0 because d(A 0 , C) > 0. Thus d(A n k , A 0 ) > 0 for sufficiently large k, so that {k < ω : (∃n < ω)(x j ∈ A n k )} is infinite. By hypothesis, a subsequence of (A n k ) converges to a point K ∈ K(X) (consult Proposition 4), which is necessarily a continuum. Then x ∈ K and d(K, C) = 0. As d(A 0 , C) > 0, this means K ∩ A l = ∅ for some l = 0, contradicting Sierpiński's Theorem.
Put
. This completes the base step.
Step n: Suppose that N , have been chosen so that:
) be least such that A k * ∩ U n−1 i = ∅ for some (unique) i < 2 (if there is no such k * , then end the recursion and put U l i = U n−1 i and N l i = N n−1 i for each l ≥ n and i < 2). There exists k * such that no arc within 2 k * of A k * also meets
Otherwise, there exists k ∈ N n−1 1−i such that a sequence of arcs meeting B A k , k [3 − n j=0 2 −j ] gets arbitrarily close to A k * . As in the base step, a subsequence of arcs converges to a continuum K ∈ K(X) with K ∩ A k * = ∅ and K ∩ D A k , k [3 − n j=0 2 −j ] = ∅ (here it is good to note that D is compact, even if k = −1 and C is not). By we have A k * ∩ D A k , k [3 − n j=0 2 −j ] = ∅. Thus K ∩ A l = ∅ for some l = k * , contradicting Sierpiński's Theorem. 
Obviously U 0 and U 1 are open sets, A 0 ⊆ U 0 , and C ⊆ U 1 . By construction we also have U 0 ∩ U 1 = ∅, and U i is the union of arcs {A k : k ∈ N i } for each i < 2.
Remark. The constituents of X do not have to be arcs; {A n : n < ω} could be any family of disjoint continua. The converse is not true in general; consider
Proof of Main Theorem
Let f be a one-to-one mapping of
and put X := im(f ). By Propositions 1 and 2, X is a composant of an indecomposable continuum if and only if X is a non-compact composant of βX. What we prove in this section is: X is a non-compact composant of βX if and only if f is recurrent & hyper-complete.
(⇒):
Suppose that X is a non-compact composant of βX. We already know X is recurrent by Proposition 2, so let's prove X is hyper-complete. Let (x n ) be a sequence in X such that x n → x ∈ X as n → ∞, and let (A n ) be a sequence of arcs in X with x n ∈ A n for each n < ω. There exists K ∈ K(βX) such that every neighborhood of K contains infinitely many A's. If Y is any metric compactum in which X is densely embedded, then every neighborhood of M := βι[K] contains infinitely many A's, so a subsequence (A n k ) converges to M . If M = Y then (A n k ) converges to X because X = Y . Otherwise K is a proper subcontinuum of βX. Since x ∈ K and X is a composant of βX, we have K ∈ K(X) and therefore M ∈ K(X).
(⇐):
Suppose that f is recurrent & hyper-complete. We want to show that no proper subcontinuum of βX meets both X and βX \ X. To that end, let K be a compact proper subset of βX that contains x ∈ X and p ∈ βX \ X. Let W be an open βX=neighborhood of K such that W = βX. We show that K is not connected by producing a separation of W between x and p. Case = [0, ∞):
There is a sequence (A n ) of disjoint maximal arcs in W ∩ X such that W ∩ X ⊆ X := {A n : n < ω}.
Proof of Claim 3.1. Recurrence of f implies there is an increasing sequence (r k ) ∈ [0, ∞) ω such that f (r k ) ∈ X \ W and r k → ∞. f −1 [W ] is a countable union of bounded open intervals (a n , b n ), n < ω. For each n < ω there exists c n ∈ (a n , b n ) and a unique k n < ω such that c n ∈ (r kn , r kn+1 ).
Let C n be the component of c n in f −1 W ∩ (r kn , r kn+1 ); C n is a non-degenerate closed and bounded interval. Thus A n := f [C n ] is an arc. Upon eliminating any duplicates and down-shifting the indexes, (A n ) is as desired: Suppose M is an arc in W ∩ X and M ⊇ A n . By Proposition 3,
Proof of Claim 3.2. Let y ∈ L . Let (y k ) be a sequence of points in L such that y k → y as k → ∞. Let n k be such that y k ∈ A n k . A subsequence of (A n k ) converges to a continuum M ∈ K(W ∩ X). Every neighborhood of M contains an arc A n k and thereby a point of L. Since L is closed,
The Lemma grants dim( X ) = 0. So, in light of Claim 3.2, there is a relatively clopen C ⊆ X such that A m ⊆ C and C ∩ L = ∅. Note that C ∩ X \ C ⊆ ∂(W ∩ X) because W ∩ X ⊆ X . By the special closure property of βX, we have
Thus W ∩ C ∩ X \ C = ∅. Additionally, A positive answer would imply the following.
Conjecture. Every bi-recurrent one-to-one plane image of (−∞, ∞) is indecomposable.
We also suspect that every recurrent one-to-one plane image of [0, ∞) is indecomposable. Without restricting to the plane, the answer to Question 2 is no and the conjectures are false by the construction(s) of F. Burton Jones [6] .
The next question is related to our work in [10] . We have shown the answer is yes for images that are, additionally, hyper-complete. Bi-recurrent one-to-one images of (−∞, ∞) which are locally homeomorphic to Q × (−1, 1) occur in dynamical systems. They are precisely the aperiodic twosided Poisson-stable orbits in flows. Each of these spaces is homeomorphic to (Q × [−1, 1])/h for some homeomorphism h : Q → Q (the quotient operation identifies all pairs of points { q, −1 , h(q), 1 }) -see [1] and [2] . By the Main Theorem, these spaces are composants (in particular, there is an uncountable collection of nonhomeomorphic composant images [5] ). However, one-to-one composant images need not be locally homeomorphic to Q × (−1, 1). X 4 is an image of [0, ∞) obtained by a continuous deformation of X 0 . It not only fails to have a Q × (−1, 1)-neighborhood at the endpoint (which is to be expected), but at an additional point as well. The quintary double bucket-handle has two visible accessible composants, each of which is a one-to-one image of [0, ∞). By gluing together the endpoints of these composants, we get the composant X 5 which is a one-to-one image of (−∞, ∞). It has no Q × (−1, 1)-neighborhood at the joining point. We would like to know: Is there a composant image which is very different from a Q×(−1, 1)-manifold? More precisely: 
